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Abstract

Make T, , a tadpole graph. If there is an u in S, such that d(u, v) =2 for all vin V S, then the set S, V(T,,) is a
hop dominating set of Ty, ,. The hop domination number of G is the minimal cardinality of a hop dominating set
of G and is represented by the symbol h(T,,,). In this essay, we spoke about the tadpole graph's hop dominance
number.
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1. Introduction

[6] The graph created by connecting a cycle graph and a route graph with a bridge is known as the Tadpole graph
(Truszezynski 1984) or Kite graph (Kim and Park 2006). T, serves as a sign for it. In specifically, T;; and Ty of
the Tadpole graph (T,,;) are referred to as the Paw graph and Banner graph, respectively. the graph of the
generalized tadpole

Fig. 1.1
Let us denote the vertices of a Tadpole graph as two distinct sets:
(i) Refer the vertices of the cycle graph C,, as {vq, vy, ... v, } and
(ii) The Vertices of the Path graph P, as {uq, uy, ... u, }
=~ The vertices of T, are
V(Tmn) = V(Crn) U V(Py)
= {U1, Vg v Uy Ug, U, . Uy}

Theorem 1.1 ([11] p.546): A dominating set D of a graph G is minimal iff for each vertex v € D, one of the
following conditions satisfied,

(i) There exists a vertex u € V — D such that (u) N D = {v}

(i1) v is an isolated vertex in D.

[3] A subset Sp of (T, is @ hop dominating set of T, ,, if for all v in V — Sh, there exists u in Sp such that
(u,v) = 2. The minimum cardinality of a hop dominating set of G is called the hop domination number of G
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and is denoted by yp(Tyy,). For any vertex v € (T,,,), the open neighbourhood of v is the set N(v) =
{u € (Tmn)|uv € E(Tmn)} and the closed neighbourhood is N[v] = N(v) U {v}. For a set Sp € (T, ), theopen
neighbourhood of Sp is N(Sk) = Uyes, N(v) and the closed neighbourhood is N[Sa] = N(Sr) U Sh. A set

Sh € (Tpy) is hop dominating set if N[Sn] = V (T}, ).

2. Diagrammatic discussion on Hop domination number of Tadpole Graph

Pan Graph (P») Graph Yr(@)
S.No.

1 n=3, P3 2

u

2
2 n=4, P4 2

II.

" Vs
3 n=>5, Ps ! 2
4 n=6, P¢ 3
5 n=7, P7 3
6 n=8, Pg 4
7 n=9, Pg 4
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8 n=10, P10

Table 2.1: Pan Graph(Pn)

S.No. | Tadpole Graph Graph Yr(@)
(Tm,n), m=3
1 n=1, T31 2
(paw graph)

2 n=2, T3> 2

3 n=3, T33 2

4 n=4, T34 _ 2
i_.ll-. '.-3 Ll LI ‘II:d -“L

5 n=5, T35 3

6 n=6, T36 4
“'z Y GJ. P R Sy E:IJE'

7 n=7, T3z 4 ) . 4
o = AR R S Lo’

8 n=8, T3 4
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9 n=9, T39 4
10 n=10, T3,10 4
1w
Table 2.2: Tadpole Graph (Tn,), m = 3
Tadpole Graph
S.No. (Tmn), m = 4 Graph yYr(G)
1 n=1, T41 2
(Banner graph)

2 n=2, T4.2 2

3 n=3, Ta3 2
.‘I: i

4 n=4, T4 3
& 3 E;.-i EJ Yoo Mg Mg
'\.'? .

5 n=5, Tas _ 4
" ‘4 E”' I'-': > E'-'s
I"': I"1

6 n=6, T46 4
3 E": E'-' I l-': l“s ot EUS I"'-.‘.
"\.'? W,

7 n=7, T47 _ 4
\.'-l '\'d u. L? J; L4 JFI IJI_-I L?
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'-.'E G
G
8 n=8, T4g 4
.“'3 ﬂ;-.r,_ Gu_r Uy lge ol Ue ey U
".".2 -."-I
9 n=9, Tao9 4
.\Ird:! :-:\"_‘_ GJ IJ;\. IJ::\.L 'J-1 JE IJ';l L_‘. .J,:| J_}
v, LA
10 n=10, T410 ) 5
3 Bt E'-'1 I'-"e I'-’J I”.i I”s E”a 3”? I”s I”c-
Table 2.3: Tadpole Graph (Tw,), m = 4
Tadpole
S. Graph Graph Yr(G)
No (Tm,n), m=>5
1 n=1, Ts1 2
X-JA Ve Ou_,
2 n:2’ T5,2 Vi/j\ﬂ 2
K‘u‘_,‘ 'L.I'5 SIJ; “JZ
¥y ¥q
3| n=3,Tss X 2
W 1 (NP |
oo
vy
4 n=4, Ts4 1 3
¥ c|.I .L-z .LJ:j c).14_
Yo
v, Y
5 n=5, Tss i 4
¥ 4 v : CL .L- 7] .Ll c.] 4 GLL'
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6 n=6, Tse 4
ol ool o o

7 n=7, Ts7 4
c'-'l ol at c'-»‘- a ol a7

8 n=8, Tsg 4

10 n=10, Ts,10

9 n=9, T's,o 1 4
W Ll L - 1 L [¥] (R I} Il
4 g 1 2 K 4 g i 8 o
e G O — G S S0
W
E .UZ 4 LI.1

pJ
”
W
3 |
Yq AL 3 e JHy il B ]
& —E @ = = G &
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Table 2.4: Tadpole Graph (Tm), m =5
3. Results on Hop domination number of Tadpole graph T, ,,

Theorem 3.1: For m-pan graph, the hop domination number is given by
2p iff m = 6p
yn=9{ 2p+1 if m=6p+1
2p+2 if m=6p+r2<r<5

Proof: Let Sn be the hop dominating set of Tm,z1. The minimality of Sx follows from theorem(1.1)
using the contrary of this theorem. If Sk is not a minimal hop dominating set then there exists v € Si
such that Sx' = Sp — {v} is a hop dominating set of Tim1. Therefore for all u € N'[v] there exists
v €u € N[v] —{v},v € N[v].

Case(i): If m=6p.

Let Sh = {C6k—5; C6k—4—|k = 112F ey p} . - (1)
If v = cek—s, then atleast one vertex of {p1, cm-1, Cék-3, Cek—7|k = 1,2, ..., p} is not hop dominating
with any vertex in Sp’. If v = cek—4, then atleast one vertex of {cm, Cek—6, Cok—2|k = 1,2, ..., p} is not

hop dominated by any vertex in Sy.Therefore, Si' is not a hop dominating set. Hence Sy, is the
minimum. Since for each k, 1 < k < p, there exists cok-s, Cek—4 in |Sp| = 2p. Ya(Tm1) = 2p if m =
6p.
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Conversely, If yn(Tm1) = 2p =|Sn|, where Sp is given by an equation (1). Hence
V — Sk = {cek-2, C6k-3, Cok—s, Cek-7,P1 | kK = 1,2, ..., p}. |V—Sil=4p+1. We know that
V = (V — Si) U S, therefore |V| = 4p + 1+ 2p = 6p + 1. Hence m = 6p.

Thus yu(Tm1) = 2p if f m = 6p.
Case(ii): If m=6p—+1.
Let Sn = {cek—s, Cok—4, cm—2|k = 1,2, ..., p}.

If v = cek—5 OT Cék—4, the minimality of Sp follows from the above case(i) or else if v = cm-2, there
is no vertex in Sy’ hop dominating with c¢m—2. Hence Si' is not a hop dominating set. Thus Sk is
minimum and for each k, 1 < k < p, there exists cek-5, Cek—4 in Sn and there exists cm—2 in Sh
independent of k. Therefore |Si| = 2k + 1. yp(Tm1) =2p + 1if m = 6p + 1.

Case(iii): If m=6p+2.
Let Su = {cek—5, C6k—4, Cm—2, cm—-3lk = 1,2, ..., p}.

If v =cek-5 Or Ccek-4, the minimality of Sp follows from the above case(i) or else if v =
Cm—2 OT Cm—3 there is no vertex in Sp" hop dominating with cm—2 0r cm—3 respectively. Hence Sy’ is
not a hop dominating set. Thus Sn is minimal hop dominating set and for each k, 1 < k < p, there
exists Cek—s5, Cok—4 in'V — Sp and there exists cm—2, cm—3 in Sk independent of k. Therefore |Sn| =
2k + 2.

Case(iv): If m=6p+3.
Let Sn = {cek—s5, Cok—4, Cm—2, cm—3lk = 1,2, ..., p}.

If v =cek-5 Or Cék—4 OT Cm—2, the minimality of Sp follows from the above case(i) and
case (iii) or if v = cm—3 there is no vertex in Sy’ hop dominating ¢m—5 in V — Sy'. Therefore

|Sk| = 2k + 2.

Case (v): If m=6p+4 and 6p+5.

Let Sk = {cek—s, Cek—alk = 1,2,...,p}. The minimality of Sp follows from case(i) and

ISkl = 2(2p + 1) = 2p + 2. Hence Ya(Tm1) = 2p +2if m=6p +1,2 <r < 5.

Let us indicate the vertices of T, as two sets first to refer the vertices of cycle graph Cn as
{c1, c2, ..., cm} and the second to refer the vertices of path graph P, as {p1, p2, ..., pn}. So the vertices of
Tm, is denoted as V(Tmn) = {{c1, C2, ..., cm} U {p1, p2, ..., pn}}. Let the dominating set of Ty, be S.

Theorem 3.2: When m=6p, the hop domination of a tadpole graph T, is given by

2p + 2k if n=6k+r,0<r<?2
Ya(Tma) ={2p+ 2k +1 if n=6k+3
2p + 2k + 2 if n=6k+r,r=4,>5

Proof: Let S, be the hop dominating set of T,1. The minimality of Sn, follows from theorem(3.1)
using the contrary of this theorem. If S is not a minimal hop dominating set then there exists v € Sh
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such that Sx' = Sk — {v} is a hop dominating set of Tm,1. Therefore for all u € N'[v] there exists
v €u € N[v] — {v},v € N[v].

Case(i): If n=6k
Let Sn = {c6q—2, C6q-3, P6s—2, Pes—2|q = 1,2, ..., mand s = 1,2, ..., p}

If v = ceq—2, then there is no vertex in Sx' hop dominating ceq—4 and ceq.If v = ceq-3, then there is
no vertex in Sy’ hop dominating ceq—5 and ceq—1.If v = ces—2, then there is no vertex in Sp hop
dominating ces—4 and ces.If v = ces—3, then there is no vertex in Sy hop dominating ces—1 and ces—s.

Thus S is not minimal hop dominating set. Hence Sk is the minimal hop dominating set.
Case(ii): If n=6k+1
Let Sn = {c6q-5, C6q—4, P6s—1, Pes—2|q = 1,2, ..., mand s = 1,2, ..., p}

If v = ceq-s5, there is no vertex in Sp" hop dominating ceg—3, Ceq—7. In particular, If ¢ = 1, there is no
vertex in Sx’ hop dominating cm-1, c3 and p1. If v = ceq—4, there is no vertex in Sp" hop dominating
Ceq—2 and ceq—6. In particular, If g = 1, there is no vertex in Sp" hop dominating ¢ and cs. If v =
Pes—1, there is no vertex in Sx" hop dominating pes—3 and pes+1. If v = pes—2, there is no vertex in Sp’
hop dominating pes—4 and pes.

Thus Sp’ is not minimal hop dominating set. Hence Sy is the minimal hop dominating set.

Case(iii): n=6k+2
Let Sn = {C6q, C6g-1, P65, Pos—1|q = 1,2, ..., mand s = 1,2, ..., p}

(DIf v = ceq, there is no vertex in S hop dominating ceq+2 and ceg—2. In particular, If v = cp, there
is no vertex in Sx" hop dominating ¢z , cm—2 and p2. (i))If v = ceq-1, there is no vertex in Sy hop
dominating ceq+1 and ceq—3. In particular, If v = cp—1, there is no vertex in Sp' hop dominating
€1, cm—3 and pa.(iii) If v = pes, there is no vertex in Sx hop dominating pes—2 and pes+2. If v =
Des—1, there is no vertex in S hop dominating pes—3 and pes+1.

In the above cases (i), (ii) and (iii) for each g,1 < q < m, there exists ¢; and ci+1 in Sk and for each
s,1 < s < p, there exists p; and p;,1 in Sy, hence |S,| = 2p + 2k.

Thus Yn(Tmn ) = 2p + 2kifm = 6pandn =6k +r,0 <r < 2.
Case(iv): If n=6k+3.
Let Sh = {ceq, C6q+1, P6s, Pos+1]q = 0,1, ...,mand s = 0,1,2, ..., p}

(1): If v = c1, there is no vertex in Sx hop dominating c¢3.(ii): If v = ceq, proof follows from (i) of
case(iii). (iii): If v = ceq+1, there is no vertex in Sx' hop dominating ceq—1, Ceq+3. (iv): If v = pes, the
proof follows from (iii) of case(iii). (v): If v = pes+1, , there is no vertex in Sp hop dominating
Pes—1 Pes+3-
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Hence Si’" is not minimum. Thus Sy, is the hop dominating set and |Sx| = 2p + 2k + 1.
Thus yr(Tmn ) = 2p + 2k + 1if m = 6p and n = 6k + 3.

Case(v): If n=6k+4.

Let Sn = {c1, c2, Céq+1, Coq+2, Pos+1, Pes+2|q = 0,1, ..., mand s = 0,1,2, ..., k}

(1): If v = c1, the proof follows from (i) of case(iv). (ii): If v = ¢z, there is no vertex in Sy hop
dominating c4. (iii): If v = ceq+1, the proof follows from (iii) of case(iv). (iv): If v = ceq+2, there is no
vertex in Sy’ hop dominating ceq and ceg+1. (v): If v = pes+1, the proof follows from (v) of case(iv).
(vi): If v = pes+2, there is no vertex in S, hop dominating pes and pes+a.

Case(vi): If n=6k+5
Let Sn = {ceq+2, Coq+3, Pos+2, Pes+3|q = 0,1, ..., m — 1l and s = 0,1,2, ..., k}

(1): If v = ceq+2, there is no vertex in Si' hop dominating ceq+4 and ceq. (ii): If v = ceq+3, there is no
vertex in Sp" hop dominating ceq+5 and ceq+1. (iil): If v = pes+2, the proof follows from (iv) of
case(V). (iv): If v = pes+3, there is no vertex in Sp” hop dominating pes+s, Pes+1.

In case (v) and (vi), Si is not minimum. Thus S, is the hop dominating set and
ISkl =2p+2k+2if m=6pandn=6p+r,r=4and>5.

Thus ya(Tmn ) =2p+ 2k +2if m=6pandn=6p +r,r =4 and 5.

Theorem 3.3: When m = 6p + 1, the hop domination of a tadpole graph, T is given by,
T _2p+2k+1lifn=6k+r,0<r<2
VeTmn) = o)y ok 4 2ifn=6k+13<r<5

Proof: Let Sn be the hop dominating set of Tm,z1. The minimality of Sx follows from theorem(3.1)
using the contrary of this theorem. If Sk is not a minimal hop dominating set then there exists v € Sh
such that Sx' = Sp — {v} is a hop dominating set of Tim1. Therefore for all u € N'[v] there exists
vV €u € N[v] — {v},v € N[v].

Case(i): n=6k., Let Sn = {c1, C6q-2, C6g-1, P6s-3, Des—2|q = 1,2, ..., p & s = 1,2, ..., k}

If v = c1, there is no vertex in S, hop dominating c1. If v = ceq—2 0T Ceq—1 OT Pes—3 OT Pes—2, the
proof follows from case(i) of theorem (3.3). Thus Si’ is not minimal.

Case(ii): n=6k+1. Let Sn = {c2, C6q-1, C6q, P6s—1, P6s—2|q = 1,2, ..., p & s = 1,2, ..., k}

If v = cz, there is no vertex in Sx" hop dominating c2. If v = ceq 01 ceq-1, the proof follows from
case(iii) of theorem (3.3). If v = pss—3 or pes—2, the proof follows from case(ii) of theorem (3.3).

Therefore, Sy’ is not minimal.

Case(iii): n= 6k+2. Let Sn = {c1, ceq, Coq+1, P6s, Pes—1|q = 0,1,2, ..., p & s = 1,2, ..., k}.
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If v = c1 01 ceq O Cog+1 OT pss, the proof follows from case(iv) of theorem (3.3).If v = pes—1, the
proof follows from subcase (iv) of case(iii) of theorem (3.3).

Therefore, Si’ is not minimal. Hence Sp is hop dominating set and
|Sh| =2p+2k+1ifn=6k+1r0<r<2.

Case(iv): n=6k+3. Let Sh = {c3, 4, Ceg—4, C6q—5, P65, Ps+1|q = 2, ..., p + 1 & s =0,1,2, ..., k}.

If v = c3 or ca, the proof follows from case(v) of theorem (3.3). If v = ceq—4 0Or ceq-5, the proof
follows from case(iii) of theorem (3.3).If v = pes o7 pss+1, the proof follows from case(iv) of theorem
(3.3).

Case(v): n=6k+4. Let Sn = {c6q—3, C6q—4, Pos+1, Pes+2|q = 1,2, ..., p & s = 0,1,2, ..., k}.

If v = c6¢-3, the minimality of D follows from case(i) of theorem (3.3) or else if v = cgq-4, it follows
from case (ii) of theorem(3.3). If v = pes+1 Or pes+2, the minimality of S, follows from case(iv) of
theorem(3).

Case(vi): n=6k+5. Let Sn = {c6q-2, C6q-3, P6s+2, Pes+3|q = 1,2, ..., p & s = 0,1,2, ..., k}.

If v =ceq-2 0T Ceqg-3, the minimality of Sp follows from case(i) of theorem(3.3). If v =
Dés+2 OT Des+3, the minimality of Sp follows from case(vi) of theorem (3.3).

Hence Spis the hop dominating set and |Sk| = 2p 4+ 2k +2if n =6k + 1,3 <r < 5. Thus when
_ _2pt+2k+1lifn=6k+1r,0<r<2
m=6p+L. Yi(Tmn) = {op) 4 2k 4 2ifn =6k +1,3 <7 <5.

Theorem 3.4: When m = 6p + 2, the hop domination of T, is given

T _2p+2k+2 ifn=6k+r,0<r<4
YaTma) =145 4 2k 43 if n=6k+5

Proof: Let Sk be the hop dominating set of T'm 1. The minimality of Sx follows from theorem(3.1) using
the contrary of this theorem. If Sn is not a minimal hop dominating set then there exists v € Sx such
that Sy’ = Sp — {v} is a hop dominating set of Tm,1. Therefore for all u € N'[v] there exists

v €u € N[v] —{v},v € N[v].

Case (i): If n = 6k, Sn = {c1, c2, Cog-1, Coqy Pos—3, Pes—2 / @ = 1,2 ... ... P &s=1.2,.... k)
Case (ii): If n = 6k + 1, Sh = {c3, €3, Cog» Coq+1> Pgg—2 Pgs—1/ 4 = 1.2 ... ... ,P&s=12,.... , k}
Case (iii): If n = 6k + 2, Sh = {c3, €4, Coq+1, Coq+2 Pgs—1 Pes/ 4= 1.2 . .. ,p&s=12,.... Lk}

Case (iv): If n = 6k + 3, Sh = {Coq+2 Coq+3 Pog Poss1 / 4 = 0,1, oo .. ,p&s=01,.... ,k}

Case (v): If n = 6k + 4, Sh = {Coq-3, Coq—2 Pgss1 Pesiz / 4 = 12 oo ,p&s=012,.... ,k}
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When m = 6p + 2, the minimality of S, follows as the previous theorem and |Sn| = 2p + 2k + 2 if
n=6k+nr0<r<4

Case (vi): n = 6k + 5, Sh = {c1, Cog—1, Coq—2: Pgs 2 Posi3 / 4 = 1.2 ... . ,p&s =01.2,.. .. ,k}
When m = 6p + 2 and n = 6k + 5, the S, is the hop dominating set as of from the previous theorems
and |Sk| = 2p + 2k + 3.

2p+2k+2ifn=6k+r,0<r <4

Thus when=6p + 2, (Tm.n)={2p+2k+3 if n=6k+5.

Theorem 3.5: When m = 6p + 3, the hop domination of T, is given

T )_{2p+2k+2 ifn=6k+r,0<r<4
Ya(Tmn) = 1o 4 2k 4 4 if n=6k+5

Proof:
Let Sp be the hop dominating set of Tm,1. The minimality of Si follows from theorem(3.1) using the
contrary of this theorem. If Spis not a minimal hop dominating set then there exists v € Si such

that Sy’ = S» — {v} is a hop dominating set of Tm,z1. Therefore for all u € N'[v] there exists
vV €u € N[v] — {v},v € N[v].

Case (i): If n = 6p, Sh = {c2, €3, Co) Cog+1) Pes—3 Pes—2/ 4 = 1,2 ... ... ,p&s=12,.... Lk}

Case (ii): If n = 6p + 1, Sh = {Coq+1, Cog+2 Pes—2 Pes—1/ a4 = 0,1,2 ... ... ,p&s=12,.... k}
Case (iii): If n = 6p + 2, Sh = {Cog+2 Coq+3 Pes—1Pes / 4 = 0,1,2 ... ... ,Dp&s=1.2,.... k}
Case (iv): If n = 6p + 3, Sh = {C6¢-3, Cog—2: Py Pgsi1/ A= 1.2 ... ... ,p&s= 0,1, .. .. ,k}

Case (v): If n = 6p + 4, Sh = {Cog-2 Cog—1: Pgss 1 Pgsiz / 4 = 12 o ... ,p&s=01,2,.... ,k}
Case (vi): If n = 6p + 5, Sh = {c1, €2, Cog—1, Coq Pgs 120 Peosi3 / 4 = 12 e ... ,p&s =012, .... k}

When m=6p+3, the minimality of Sn, follows as theorem (2) & (3) and
_ _ 2p+2k+2 ifn=6k+1r0<r<4
Sul=¥n(Tma) = {3 4 2 + 4 if n=6k+5.

Theorem 3.6: When m = 6p + 4, the hop domination of a tadpole graph T, is given by

2p+2k+2ifn=6k+1r,0<r<3
2p + 2k + 4 ifn=6k+5

Proof: Let Sk be the hop dominating set of T'm 1. The minimality of S, follows from theorem(3.1) using
the contrary of this theorem. If S, is not a minimal hop dominating set then there exists v € Si such
that Sy’ = S» — {v} is a hop dominating set of Trm,z1. Therefore for all u € N'[v] there exists

vV €u € N[v] — {v},v € N[v].

Case (i): If n = 6p, Sh = {Coq+1, Cog+2: Pgg_3 Pes—2 / 4 = 0,1,2 ... ... DP&s=12,.... ,k}
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Case (ii): If n = 6p + 1, Sh = {Coq+2 Cog+3 Pgs—2 Pgs—1/ 4= 01,2 ... ... ,p&s=12, ... , k}
Case (iii): If n = 6p + 2, Sh = {Ceg+3, Coq+4 Pgs—_1» Pes/ 4= 0,1,2 ... ... ,p&s =12, ... Lk}
Case (iv): If n = 6p + 3, Sh = {Coq+4) Cog+5 Doy Pess1/ 4= 01,2 ... ... ,p&s =12, ... Lk}
Case (v): If n = 6p + 4, Sh = {c2, Cog—1, Cog» Pgss1s Posiz/ 4= 1.2 .. ... ,p&s=0,1.2,.... , k}
Case (vi): If n = 6p + 5, Sh = {c1, €2, Coq) Cog+1) Pgst1r Posz/ 4= 1.2 ... ... ,P&s=0,1, ... Lk}

When m=6p+4, the minimality of Sk follows as in theorem (3.2) & (3.3) and

2p+2k+2ifn=6k+7r,0<r<3
|Shl = Ya(Tmn) = {2p + 2k + 3 ifn=6k+4
2p + 2k + 4 if n=6k+5.

Theorem 3.7: When m = 6p + 5, the hop domination of T, is given by

T _ 2p+2k+2 ifn=6k+10<r <3
Vi( m'")_{Zp+2k+4 ifn=6k+rr=4and5

Proof: Let Sk be the hop dominating set of T'm 1. The minimality of S, follows from theorem(3.1) using
the contrary of this theorem. If Sp is not a minimal hop dominating set then there exists v € Sn such
that Si' = Sp — {v} is a hop dominating set of Ty, 1. Therefore for all u € N'[v] there exists

vV €u € N[v] — {v},v € N[v].

Case (i): If n = 6p, S, = {C6q+2, Coq+3 Pgs—3 Pes—2/ 4= 0,1,2 ... ... ,P&s = 1,2,.. .. Lk}
Case (ii): If n = 6p + 1, Sh = {Coq+3, Cog+4 Pgs_2 Pes—1 / 4 = 01,2 ... ... ,p&s=12.... k3
Case (iii): If n = 6p + 2, Sh = {Cog+4 Cog+5 Pgs—1:Pes / 4 = 0,1,2 ... .. ,p&s=1.2.... Lk}
Case (iv): If n = 6p + 3, Sh = {Ceq Cog—1, P Psi1 / 4 = 1.2 .. ... ,p&s=012.... k}
Case (v): If n = 6p + 4, Sh = {c2, €3, Coq) Cog+1: Pess1r Posea / 4 = L2 o ... ,p&s=012.... k}
Case (vi): If n = 6p + 5, Sh = {Coq+3) Coq+4 Pgsp2 Poss / 4 = 0,1,2 ... ... ,p&s =012 ... k}
When m=6p+5, the minimality of Sp follows as in theorem (2) and (3), Hence
S =0 ) = G £ 2ic 44 if mm Gk 411 = 4 and .
Theorem 3.8: For n = 2 the hop domination of a Tadpole graph T, is given by

2p ifm=6p

Yu(Tm2) = {2p + 1 ifm=6p+1
2p+2 ifm=6p+1r2<r<5

Proof: Let Sk be the hop dominating set of T'm 1. The minimality of S, follows from theorem(3.1) using
the contrary of this theorem. If Sp is not a minimal hop dominating set then there exists v € Sx such
that Si' = Si — {v} is a hop dominating set of Ty, 1. Therefore for all u € N'[v] there exists

vV €u € N[v] — {v},v' € N[v].
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Case (i): m = 6p, Let Sh = {coq, Coq-1/ 9 = 1.2, ...k}

(@) If v = ceq, 3 no vertex in Sx’ hop dominating with at least one of the vertex of {cz, p2, Ceq+2, Coq—2}-

(b) If v = ceq—1, 3 no vertex in Sp" hop dominating with at least one of the vertex of {c1, p1, Coq+1, Coq—3}
Thus Sp’ is not minimum. Hence Si, is the hop dominating set and |S»| = 2p.
Case (ii): m = 6p + 1, Let Sp = {c3, ¢o, Cog+1/ 4 = 1,2, ... k}

(a) If v = c3, 3 no vertex in S’ hop dominating c3. (b) If v = ¢4, 3 no vertex in Sk hop dominating
with at least one of the vertex of {ci, p1, Ceq+2, Coq—2}. (C) If v = Cog+1, 3 O vertex in Sp hop
dominating with at least one of the vertex of {c2, p2, C6q+3, Coq—1}-

Thus Sy, is the hop dominating set and |Sk| = 2p + 1.
Case (iii): m = 6p + 2, Let Sh = {cog+1, Coq+2/ 4 = 0,1, ... k}.

(a) If v = ceq+2, 3 no vertex in Sp” hop dominating with at least one of the vertex of {csg+1, Coq—1 OT P1}.
(b) If v = ceq+1, 3 N0 vertex in S5’ hop dominating with at least one of the vertex of {ceq, Coq+4 OT P2}

Thus Sy is the hop dominating set and |Sk| = 2p + 2
Case (iv): m = 6p + 3, Let Sh = {cog+2, Coq+3/ @ = 0,1, ... k}

(@) If v = ceq+2, 3 no vertex in S5’ hop dominating with at least one of the vertex of {ceq, Ceg+4, P1}-
(b)If v = ceq+3, 3 nO vertex in Sp” hop dominating with at least one of the vertex of {csq—1, Cog+5, D2}-

Thus Sy is the hop dominating set and |Sk| = 2p + 2
Case (v): m = 6p + 4, Let Sh = {ceq+3, Coq+4/ @ = 0,1, ... k}

(a) If v = ceq+3, 3 nO vertex in Sp’ hop dominating with at least one of the vertex of {ceq—1, Cog+s, P1}-
(b) If v = ceq+4, I no vertex in D' hop dominating with at least one of the vertex of {ceq—2, Coq+6, P2}-

Thus Sh, is the hop dominating set and |Sk| = 2p + 2.

Case (vi): m = 6p + 5, Let Sp, = {c6q+4,£6q£2q =0,1, ..k}

(a) If v = ceq+4, 3 nO vertex in Sp’ hop dominating with at least one of the vertex of {ceq—2, Coq+6, P1}-
(b) If v = ceq+s, I no vertex in Sp” hop dominating with at least one of the vertex of {ceq—3, Coq+7, D2}-

Thus Sp, is the hop dominating set and |Sx| = 2p + 2
2p ifm=6p
Thus, W(Tm2) ={2p +1 ifm=6p+1
2p+2 ifm=6p+r2<r<5

Theorem 3.9: For n = 3, the hop domination of a Tadpole graph T, is given by
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_2p+1 if m=6p
YTm3) =4 v 2ifm=6p+ri<r<s

Proof: Let Sk be the hop dominating set of T'm 1. The minimality of S, follows from theorem(3.1) using
the contrary of this theorem. If Sn is not a minimal hop dominating set then there exists v € Sx such
that Sp' = Sp — {v} is a hop dominating set of Ty, 1. Therefore for all u € N'[v] there exists

vV €u € N[v] — {v},v € N[v].

Case (i): m = 6p, Let Sp = {coq, Cog+1, 91/ 9 = 0,12, ..k }

(a) If v =cgq, 3 no vertex in Sk hop dominating with atleast one of the vertices such as of
{c2, Coq+2, Coq—2, P2}. (b) If v = Coq+1, 3 N0 vertex in S’ hop dominating with atleast one of the vertices
such as of {ceq—3 and ceq—1}. (c) If v = p3, 3 no vertex in Si’ hop dominating with at least one of the
vertices such as of {cy, c,,_1 and p3}

Thus Sy, is the minimal hop dominating set and |Sn| =2p + 1
Case (ii): m = 6p + 1, Let Sp = {ceq, Cog+1,01/ 9 = 0,2, ...k }

(@) If v =cgq41, 3 nO vertex in Sk hop dominating with at least one of the vertex such as of
{Co6q—1, Coq+1, C2, P2}. (b) If ¥ = Ceq+2, 3 no vertex in S hop dominating with atleast one of the vertices
such as of {ce; and ceq+4}. (c) If v = p1, 3 no vertex in Sy’ hop dominating with atleast one of the
vertices such as of {c1, c,,—1 and p3}

Thus Sy is the minimal hop dominating set and |D| = 2p + 2
Case (iii): m = 6p + 2, Let Sh = {cog+2, Coq+3 P/ 9 = 0,1,2, ..k }
Case (iv): m = 6p + 3, Let Sh = {Cog+3 Cog+4P1/ q = 0,12, ...k }
Case (v): m = 6p + 4, Let Sh = {Cog+4 Coq+5P1/ @ = 0,1,2, ...k }
Case (vi): m = 6p + 5, Let Sh = {coq, Cog+1,P1/ @ = 0,1,2, ...k }

The Proof of case (iii) to (vi) follows same as previous cases. Thus Sx is the minimal hop-dominating
setand |[Sn| =2p + 2

2p +1 if m=6p
2p+2ifm=6p+r,1<r<5

Thus forn =3,y (T)3) = {
Theorem 3.10: For n = 4, the hop domination of a Tadpole graph T, is given by

2p+2 ifm=6p+r,0<r<3
Yu(Tma) = {2p + 3 ifm=6p+4
2p+4 ifm=6p+5

Proof: Let Sn be the hop dominating set of Tr,,1. The minimality of Sk follows from theorem(3.1) using
the contrary of this theorem. If Si is not a minimal hop dominating set then there exists v € Sp such
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that Sp’' = Sp — {v} is a hop dominating set of Tmi1. Therefore for all u € N'[v] there exists
v €u € N[v] — {v},v € N[v].

Case (i): m = 6p, Let Sh = {ceq+1, Coq+2 P, P2/ 4 = 0,1, ..k — 1}

(a) If v = ceq+1, 3 no vertex in Sp’ hop dominating {ceq—1 and ceq+3}. (b) If v = ceq+2, 3 no vertex in Sp’
hop dominating {cs; and ceq+4}. (c) If v = p1, 3 no vertex in Sy’ hop dominating with {ps}. (d) If v =
P2, 3 no vertex in S hop dominating with {p4}

Thus Sy is the minimal hop dominating set and |Sx| = 2k + 2

Case (ii): m = 6p + 1, Let Sp = {ceg+4 Cog+5 P Py/ 4 = 0,1, ...k — 1}
The Proof is similar to case (i) and |D| = 2p + 2

Case (iii): m = 6p + 2, Let Sh = {coq+3, Cog+4 PP,/ @ = 0,1,2, ..k — 1}
The Proof is similar to case (i) and |Sn| = 2p + 2

Case (iv): m = 6p + 3, Let Sk = {Ceg+4, Coq+5 P, P2/ @ = 01,2, .. k — 1}
The Proof is similar to case (i) and [Sn| = 2p + 2

Case (v): m = 6p + 4, Let Sh = {3, Cog—1, Coq P, P2/ @ = 1.2, ...k}

(a) If v = ¢,, 3 no vertex in Sx" hop dominating {c,}. (b) If v = Ceq—1, I NO vertex in Sk hop dominating
{ceq—3 and ceq+1}. (€) If v = coq, 3 N0 vertex in S’ hop dominating {ce;—2 and ceq+2}. (d) If v = p1, I no
vertex in Sp" hop dominating with {p3}. () If v = p,, 3 no vertex in Sp" hop dominating with {p,}

Thus S is the minimal hop dominating set and |Sx| = 2p + 3
Case (vi): m = 6p + 5, Let Sp = {c, €3, Coq) Coq+1, P, P2/ @ = 1,2, ... k}

(a) If v = c,, 3 no vertex in Sy’ hop dominating {c,}. (b) If v = c3, 3 no vertex in Sy’ hop dominating
{c3}. (¢) If v = coq, 3 nO vertex in Sn’ hop dominating {ceq—2 and ceq+2}. (d) If v = csq+1, 3 N0 vertex in
Sk hop dominating {ce;—1 and ceq+3}. (€) If v = p1, 3 no vertex in Si" hop dominating with {ps}. (f) If
v = p,, 3 no vertex in Si’" hop dominating with {p4}

Thus S is the minimal hop dominating set and |Si| = 2p + 4

2p+2 ifm=6p+r,0<r<3
Hence whenn = 4, yu(Tma4) = {2p + 3 ifm=6p+4
2p+4 ifm=6p+5

Theorem 3.11: For n = 5, the hop domination of a Tadpole graph T, is given by

2p+2 ifm=6p+rr=0,1
Y(Tma) = {2p + 3 if m=6p+2
2p+5 ifm=6p+r,3<r<5
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Proof: Let Si be the hop dominating set of Tr,1. The minimality of Sk follows from theorem(3.1) using
the contrary of this theorem. If Sp is not a minimal hop dominating set then there exists v € Sn such
that Sx’ = Sr — {v} is a hop dominating set of Tm,1. Therefore for all u € N'[v] there exists

v €u € N[v] —{v},v € N[v].

Case (i): If m = 6p, Let Sh = {ceq+2 Coq+3 P2 P35/ =01, ...k — 1}
Case (ii): If m=6p + 1, Let Sh = {cq+3 Coq+4 P2 P35/ q@ = 0,1,2,..k — 1}
Case (iii): If m = 6p + 2, Let Sh = {Coq+4 Coq+5 P2 P35/ q =012, ..k — 1}
Case (iv): If m = 6p + 3, Let Sh = {c3, coq—1, Coq P2 P53 / @ = 1,2, ... k}
Case (v): If m = 6p + 4, Let Sh = {c2, €3, Coq) Cog41, P2 P53 / 4 = 1.2, ... k}

Case (vi): If m = 6p + 5, Let Sh = {Ceg+1, Cog+2 P2 P3 / @ = 0,1, ... k}. The proof follows as the
previous theorem.

Theorem 3.12: ypn(Tmn) = Yr(Tnm) iff m = n.

Proof: Let m = n, then Tm, and Tnm are same graphs. Hence ya(Tmn) = Yr(Tnm). On the other hand,
assume Yh(Tmn) = Yr(Tnm), suppose if m # n, then by theorems(-- ) yr(Tmn) # Ya(Tnm). Thus
Yh(Tm,n) = yh(Tn,m) lff m=n.

Corollary:yn(Tmn) = yn(Tum) =m—1(or) n—1iff m = n,where m = n = 3,4,5. and
Y(Tmn) = Ya(Tom) < m—1(or)n—1iff m = n,wherem =n = 6.

Proof:

S.No. | Tadpole Graph | Graph Yr(G)
(Tm,n), m=n

1 m=n=3, T33 2 or (n-1)

2 m=n=4, T44 3 or (n-1)

3 m=n=5, Tss 4 or (n-1)
.Ll ch GLH
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4 m=n=06, Te,

4 or <(n-1)

From the table we get Ya(Tmn) = Yr(Tnm) = m — 1 (or) n — 1 iff m = n, where

m =n = 3,4,5. And yr(Tmn) = Yn(Tom) <m—1(or)n—1iff m = n,wherem =n = 6.

Conclusion

In this paper, we have found the hop domination number of Tadpole graph and derivedsome theorems on
it.
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